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Abstract 
By an f-graph we mean an unlabeled graph having no vertex of degree greater than f. 
Let D(n,f) denote the digraph whose node set is the set of f-graphs of order n and such that 
there is an arc from the node corresponding to graph H to the node corresponding to the 
graph K if and only if K is obtainable from H by the addition of a single edge. In earlier work, 
algorithms were developed which produce exact results about the structure of D(n,f), 
nevertheless many open problems remain. For example, the computation of the order and 
size of D(n,f) for a number of values of n and f have been obtained, Formulas for the order 
and size for f=  2 have also been derived. However, no closed form formulas have been 
determined for the order and size of D(n,f) for any value off. Here we focus on questions 
concerning the degrees of the nodes in D(n,n - 1) and comment on related questions for 
D(n,f) for 2 ~<f< n -  1. 
1. Introduction 
By an f-graph we mean an unlabeled graph having no vertex of degree greater 
thanf. Let D(n, f )  denote the digraph whose node set is the set off-graphs of order 
n and such that there is an arc from the node corresponding to graph H to 
the node corresponding to the graph K if and only if K is obtainable from H by 
the addition of a single edge. In earlier work, algorithms were developed which 
produce exact results about the structure of D(n,f) .  In particular, the computation 
of the order and size of D(n, f )  for a number of values of n and f has been carried 
out and formulas for the order and size of D(n,2) have been derived [3-7, 
9-11, 16]. However, no closed form formulas have been determined for the order and 
size of D(n, f )  for any value of f. Here we focus on questions concerning the 
degrees of the nodes in D(n, n - 1) and comment on related questions for D(n, f )  for 
2 ~<f< n - 1. 
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The interest in D(n,f) follows from the fact that it is the digraph of the stochastic 
process known as the Random f-Graph Process (Rf-GP). The latter being defined as 
follows. Starting with n labeled vertices and no edges, introduce dges, one at a time, 
so as to obtain a sequence of graphs each having no vertex of degree greater than f At 
each step the edge to be added is selected with equal probability from among those 
edges whose addition would not violate the f-degree restriction. For probabilistic 
studies the arc (H, K ) is assigned weight equal to the probability of going from a given 
labeled graph isomorphic to H to a labeled graph isomorphic to K in the Rf-GP and 
the nodes in this transition digraph are the isomorphism classes off-graphs [1, 8]. 
When f = n - 1 this corresponds to the ErdSs-R6nyi Random Graph Process. When 
f < n - 1, the model is of interest for applications in chemistry and physics [2, 13]. In 
a series of papers, probabilistic properties for the Rf-GP have been studied (see 
[1,3-6, 8, l 1, 15]. 
A study of the node degrees of D(n,f) was initiated in [9] for the case f= 2. Note 
that for all f, D(n,f) has exactly one node with indegree 0, the node corresponding to
K, ¢, the complement of K,, the complete graph of order n. 
We are interested in the extreme degrees of the nodes in D(n,f). A node in D(n,f) is 
on level t if it corresponds to an ]=graph of size t and order n. Let 
W(t, n,f)  = maximum indegree of D(n,f) on level t 
and 
M(t, n,f) = maximum outdegree of D(n,f) on level t. 
Problem 1. Determine the values of W(t, n,f) and M(t, n,f) for each value of (t, n,f). 
It is natural to divide the discussion into the cases f - -  2, f - -  n - 1, and 3 ~< f~< n - 2. 
2. The case f= 2 
The graphs having no vertex of degree greater than 2 are precisely those graphs 
which are unions of paths and cycles. This makes these graphs quite easy to describe 
analytically and consequently explicit statements of various properties can be ob- 
tained. For example, in [9] the following results were obtained. 
Theorem 2.1. The number of nodes in D(n,2) with outdegree 0 is 
p(n) + p(n - 5) -  p(n - 2) - p(n - 3), 
where p(k ) is the number of unrestricted partitions of k. 
K.T. Balihska, L.V. Quintas /Discrete Mathematics 150 (1996) 17- 29 19 
Theorem 2.2. Let H be a 2-graph which contains u distinct cycle types andj distinct path 
types having orders v~, v 2 . . . . .  u j, then in D(n, 2) the node associated with H has indegree 
J 
u + Z Lv , /2 J  • 
i=1  
Theorem 2.3. The maximum indegree of a node in D(n,2) is Ln/2J. 
Remark 2.1. The maximum indegree L n/2 J for a node in D(n, 2) is realized by the node 
associated with P,, the path of order n. It follows that, if vl, v2 ..... v~ is a partition of 
n into distinct parts with no more than one odd part, then the graph which is the 
union of paths of orders vl,v2 ..... v~ also corresponds to a node with indegree Ln/2 J. 
For n >/4, these are the only graphs that yield the maximum indegree Ln/2J. 
Let C(x, 2) denote the binomial coefficient n(n - 1)/2. 
Theorem 2.4. Let H be 2-graph which contains x distinct path types, y distinct path 
types that appear at least twice, and z distinct path types that have order at least 3, then 
the node in D(n, 2) associated with H has outdegree C(x, 2) + y + z. 
Theorem 2.5. I f  n >1 6, then the maximum outdegree of a node in D(n, 2) is 
C(x,2) + y + x - 2, where 
x=L( -1  + x /~-+ 1)/2J and y=L( - l  +x /8n+ 1-4x(x+ l))/2J. 
Remark 2.2. From Theorem 2.4, it can be shown that a graph which consists entirely 
of path components such that the number of such components having distinct orders 
is maximized and after this the number of paths with distinct orders that appear twice 
is also maximized is a graph that will correspond to a node having maximum 
outdegree in D(n,2). For example, if n -- (x + 1)x/2, then the graph P1 w 1°2 
Paw ... w Px is such a graph. If n is not a binomial coefficient, let n = (x + 1)x/2 + s 
with s minimal. Then, a node of maximum outdegree will correspond to the graph 
(P1 w ,°2 w P3 w ... w Px) w Js where Js has order s and is a union of paths of distinct 
orders none of which exceeds x. For example, if n--20, then (PI w P2 U P3 u 
P4 w Ps) w (Pl U /'4) is such a graph. 
From these results the extreme node degrees on specified levels of D(n, 2) can be 
determined. 
3. The case f=  n -  1 
Although a degree restriction does not play a role in the study of (n - 1)-graphs, 
henceforth referred to simply as graphs, other difficulties arise in the study of degrees 
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in D(n,n - 1). For example, it is not known how to best characterize an arbitrary 
unlabeled graph of order n and size t for the purpose of determining the indegree and 
the outdegree of an arbitrary node in D(n, n - 1). 
Remark 3.1. Through complementation, there is a 1-1 correspondence b tween the 
nodes corresponding to graphs of size t and nodes corresponding to graphs of size 
C(n, 2) - t. It is convenient to partition the nodes of D(n, n - 1) with respect o their 
level t, with t ranging from t = 0 to t = C(n, 2). 
Remark 3.2. In D(n, n - 1), the node corresponding to the graph H has outdegree d if 
and only if the node associated with H ¢, the complement of H, has indegree d. This 
follows from the relation (G c - e) c = G u e. In general, this observation cannot be 
used when f< n - 1, since the complement of an f-graph G to be an f-graph requires 
the minimum degree of a vertex in G to be at least n - 1 - fand  by definition this 
minimum degree cannot be greater than f. The latter further implies the condition 
f~> (n -  1)/2. Also note that in the case where the outdegree nodes of H and the 
indegree nodes of H ¢ are on the same level they are not necessarily the same set of 
nodes. For example, consider the graph which consists of a triangle with a pendant 
edge union an isolated vertex. The four nodes corresponding to the outdegree of its 
graph are not the same four nodes corresponding to the indegree of its complement 
even though the two sets of four nodes are both on level 5 of D(5,4). 
Fundamental Observation. If G is a graph of order n and size t, then the indegree of the 
node associated with G is bounded by t and the outdegree is bounded by C(n, 2) - t. 
Although our main focus is on nodes that realize these upper bounds we also obtain 
results on extreme degrees in D(n, n - 1) that do not achieve these bounds. 
3.1. Max imum indegrees 
Let Aut(G)  denote the automorphism group of the graph G. Through the use of 
automorphism groups one is able to obtain some results concerning the indegree and 
outdegree of a node in D(n,n - 1). For example, if edge e is equivalent to edge e' 
relative to Aut(G),  denoted by e ~ e', with e 4: e', then the indegree of the node 
associated with G is strictly less than t, the size of G. This is so since G - e ~ G - e'. In 
particular, if Aut(G)  is edge transitive, then the node associated with G has indegree 1, 
except for K,~ where the indegree is0. If the only automorphism ofG is the identity we 
say G has identity automorphism group and G is an identity graph. 
Lemma 3.1. Let H be an identity tree and e and e' distinct edges in H. Then, H - e is 
not isomorphic to H - e'. 
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Proof. Assume H - e ,~ H - e'. Since H is a tree, e and e' are both cut edges of H. 
Thus, H - e = H~ u H2 and H - e' = H'I u Hi ,  where H1,H2,H'I, and H~ are trees 
and ire = {x,y} and e '= {x',y'}, let x~H1,  yeH2,  x 'eH' l ,  and y'EH'2. 
Since H-  e ~ H-  e', we have H1 ~ H'I and H2 ~ Hi  or Hi ~ Hi and H2 g H'I. 
Without loss of generality, let H1 ~ H~ and H2 ~ Hi  and let 
f :H I~HI  and g :H2~Hi  
be isomorphisms. Then, f (x )e  H'I, g(y)~ H'2, and f w g defines an isomorphism of 
H = H~ u HE u {x,y} onto H = H~ ~ H'2 u {f(x),g(y)}. 
I f f  w g is not the identity we have a contradiction that H is an identity tree. 
I f f  w g is the identity, then since {f(x), g(y)} = {x, y} and {x', y'} both join H~ to 
Hi  we must have either {x, y} = {x', y'} a contradiction of e and e' are distinct edges 
in H or {x, y} ~: {x' ,y'} which leads to a contradiction that H is a tree. 
Thus, in all cases, assuming that H - e ~ H - e' leads to a contradiction. There- 
fore, H - e is not isomorphic to H - e'. [] 
Theorem 3.1. Let ~1,(~2 ~- 0 OF 1, and k be a nonnegative integer. 
(a) I f  a node olD(n, n - l) on level t has indegree t, then the graph associated with this 
node is of the form 
~IA ~,1 ~2K2 w kKl,  
where A is an identity graph. 
(b) Ira node of D(n,n - 1) on level t is associated with a graph G of the form 
61F u ~2K2 ~ kK1, 
where F is an identity forest, then the node realizes its maximum possible indegree t. 
Proof. (a) Let G be a graph and e and e' edges in G. If e ~ e' relative to Aut(G), then 
G - e ,~ G - e'. Thus, if G - e is not isomorphic to G - e' for all pairs of edges e, e', 
then Aut(G) yields no pair of equivalent distinct edges. This implies that the part of 
G that is exclusive of isolated vertices must have an identity automorphism group or 
contain a K2. This follows from the fact that a nonidentity automorphism of a graph 
either sends a K2 to itself or moves at least one edge. Thus, G is of the form asserted. 
(b) Assume e and e' are distinct edges in G and G - e ~ G - e'. If e and e' come, 
respectively, from distinct components Gi and G s of G, then Gi is not a component of 
G - e and Gi is a component of G - e'. Thus, G - e is not isomorphic to G - e'. 
If e and e' come from the same component of G, then either they both come from the 
unique possible K2 and thereby contradict hat they are distinct edges or they both 
come from the same identity tree component H of G. In this case G - e and G - e' are 
the same except possibly differing at the two pairs of components generated by the 
deletion of e and e' from H. But by Lemma 3.1, H - e is not isomorphic to H - e'. 
Therefore, G-  e is not isomorphic to G-  e'. Since the deletion of each edge of 
G yields a distinct predecessor, G has indegree t. [] 
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Fig. 1. 
Theorem 3.1 suggests that it will be of use to gather the information on the existence 
of minimal and maximal size identity graphs of given order n. 
For any n/> l, except for n = 2, 3, 4, and 5 there exists an identity graph having 
order n and for any t >/0, except for t = 1, 2, 3, 4, and 5 there exists an identity graph 
having size t. 
Let m(n) = the minimum number of edges realizable by an identity graph of order n. 
The numbers re(n) and C(n, 2) - m(n) = M(n) = the maximum number of edges realiz- 
able by an identity graph of order n are known [14]. In addition, for a given order n, 
there are identity graphs having every intermediate number of edges between re(n) and 
M(n) for all orders n ~> 6 (see [12]). Fig. 1 illustrates the linear bounds given in the 
Fundamental Observation combined with the comments on identity graphs. 
Remark 3.3. If n = 6, then m(6) = 6 is realized by a triangle having a pendant edge 
and pendant path of order 3. We denote this graph by A 6. We also note that, for n >/7, 
re(n) is realized, but not uniquely, as the size of an identity forest of order n having 
a maximum number of components. A systematic way of constructing such a forest 
consists of first ordering the set of identity trees according to their order and then by 
a greedy algorithm pack the trees using those with smallest order first (see [14]). For 
example, the initial segment of an ordering of the identity trees in this fashion is as 
follows: 
T~", T~", T~s '', T~9 '), T(2' "r'3) T") T (2' T (6) T(" 
19 ,19  , *10 ,110 , . . -~ , l l0 ,Z l l~ . . . ,  
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where T~ 1~ = K1 and T~ i~ is the ith identity tree of order j  in the above ordering. Then, 
for n = 18, 34 and 38 the following three minimal edge identity forests 
"rtl~ T~ 1) T~ 1) k_) T'(1) T(1} 'T'(2) and  T~'Iu T~ l) v -10 ,  ~ -8  U -9  k..) -9  , 
Y~"u  Y~l '~ Y8 ¢'' w T9¢" c) T¢,~ ' 
determine m(18) = 15, m(34) = 29, and m(38) = 33, respectively. 
Let G be a graph and d-(G)  = indegree of node associated with G. 
Theorem 3.2. Let n >1 7 and F, be an identity forest having order n and size t with 
m(n) <~ t <<, n - 1. Then, for all nonnegative integers k, 
d - (F .  w kK l )  = t = W(t,n + k,n + k - 1). 
Proof. This follows directly from Theorem 3.1(b). [] 
Theorem 3.3. Given n, t, and W(t, n, n -  1) the maximum indegree of the nodes on 
level t of  D(n,n - 1), then 
(a) / fn = 1,2,3,4, or 5, then W(t ,n ,n  - 1) is given by Table 1 and 
(b) /f n ~> 6, then W(n, n + k, n + k - 1) = n for all nonnegative integers k. 
Table 1 
W(t,n,n- 1) 
0 0 0 0 0 0 
1 1 1 1 1 
2 1 1 1 
3 1 2 2 
4 3 3 
5 2 4 
6 1 4 
7 4 
8 4 
9 2 
10 1 
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Proof. (a) Graphs of orders up to 5 and size up to 10 and of order 6 with size up to 
5 yielding maximum indegree nodes are easily obtained by inspection of such graphs. 
Adjoining isolated vertices to these graphs constructs graphs for n >/6 and 0 ~< t ~< 5 
to obtain the same maximum indegrees for these associated nodes. 
(b) For n ~> 6, the graph A, u kK~, where A, is a triangle with a pendant edge and 
a pendant path of order n - 3, has size n and order n + k and corresponds to a node of 
indegree n. [] 
Clearly, n is not the least order for which a graph of size n corresponding to a node 
ofindegree n is possible. For example, the graph G, a 4-cycle with a diagonal and two 
pendant edges at nonequivalent vertices, yields W(7, 6, 5) = 7 and G w kK1 yields the 
indegree xtrema W(7, 6 + k, 5 + k) = 7 for all positive integers k. The least order of 
a graph which corresponds to a node of indegree 7 is 6. Not all such minimum orders 
n* corresponding to a given size t are known. 
Some cases for which this is resolved are shown in the following table, where an 
X entry means n* does not exist. 
t 0 1 
n* 1 2 
2 3 4 5 6 7 8 9 10 11 12 
X X X X 6 6 6 6 7 7 7 
Problem 2. Given t/> 13, find n*, the least value ofn such that W(t,n*,n* - 1) = t. 
3.2. Max imum outdegrees 
Theorem 3.4. l f  a node of D(n,n - 1) on level re(n) has outdegree M(m(n),n,n - 1) = 
C(n, 2) - re(n), then, for n >>. 7, the graph G associated with this node is a minimal edge 
identity graph. 
Proof. Using Remark 3.2 and Theorem 3.1 it can be shown that 
G c = 61A w 62K2 u kK~. If 61 = 0, then G c has size no greater than 1 and has size 
C(n,2) or C (n ,2 ) - l .  But, if n~>7 we have m(n)<~n-1 .  Thus 61=1 and 
G ¢ = A u 62K2 w kK1. This implies G = A ¢ + (62K2) ~ + Kk, where + denotes the 
join operation. 
If either 62 or k is not 0, then G has order n, is connected, and contains cycles. Thus, 
G has size at least n. But re(n) ~< n - 1. Therefore, G ¢ = A and G is a minimal edge 
identity graph. [] 
Remark 3.4. As noted in Remark 3.3, if n >~ 7, minimal edge identity graphs are 
realized by identity forests having a maximum number of components. Some of these 
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forests of order n will correspond to nodes with outdegree M(m(n),  n, n - 1). A neces- 
sary condition for this to happen is that the forest contains no component Twhich has 
a pair of isomorphic successors each of which was obtained by adding an edge to T. 
An example of such a tree is T~ ~}, which has a successor consisting of a 5-cycle with 
a pendant edge and a pendant path of order 3 adjoined at distance two from the 
pendant edge. This successor can be obtained from T8 tl} by the addition of two 
different edges. If m(n - 1) 4: re(n) it may be possible to replace such non-optimum, 
with respect to outdegree, components by 'good' components. For example, 
F27=T~l 'wT~1'uT~"wT~11'  is an identity forest corresponding to 
m(27) = 23 :~ m(26) = 22. This forest can be replaced by an identity forest that does 
_{11 T~ l~ w , 9 w , lO .  not contain T~ ~), namely 1~ w .r{~l ~rt~ This forest will correspond to 
a node with maximum outdegree M(m(27), 27, 26) = C(27, 2) - m(27). However, there 
are minimal edge identity forests that contain T8 ~} for which such a substitution is 
impossible. For example, if m(n - 1) = m(n), with n > 8, then every minimal edge 
identity forest of order n is unique and must contain T~ ~} as a component. In view of 
this it is useful to obtain the following information about m(n). Other examples are 
known and there are other exceptional components. 
Theorem 3.5. Let  T1, T2, T3 .... be any ordering of  the set of  identity trees such that T~ 
fol lows Ti i f  and only if the order of  Ti is no greater than the order of  T~. Let  lTil denote 
the order of  Ti. Define 
k 
sk= ~ I~1. 
i=1  
Then, for n >~ 9, 
m(n) = n -- k for  sk < n < sk+ l and m(Sk) = Sk -- k = m(sk -- 1). 
Proof. If n is such that s k < rl .( s k + 1, then T~ u T2 u . . .  u Tk- 1 w T, where T is an 
identity tree of order n - Sk-x, is a minimal edge identity forest of order n. Thus, 
0 = re (n) -  n + k. 
If n = Sk, then 7"1 w T2 w ... u Tk, yields 0 = m(Sk) -- n + k and m(Sk) = n -- k. 
I fn=sk- -  1, thensk_ l<n<skSOthatm(sk - -1 )=Sk- - l - - (k - -  1). [] 
The following are some values of re(n) for which m(n - 1) = re(n) and of Sk 
m(6) = m(7) = m(8) = 6 
m(15) = m(16) = 13 
m(24) = m(25) = 21 
m(33) = m(34) = 29 
m(42) = m(43) = 37 
m(52) = m(53) = 46 
m(62) = m(63) = 55 
m(72) = m(73) = 64 
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k 1 2 3 4 5 6 7 8 9 10 
Sk 1 8 16 25 34 43 53 63 73 83 
Theorem 3.6. Given n and t, and M(t,  n, n - 1) the maximum outdegree of  the nodes on 
level t o f  D(n,n - 1), then 
(a) /fn/> 1 and t <~ 6, then M( t ,n ,n  - 1) is given by Table 2 and 
(b) M(t ,n ,n  - 1) = W(C(n ,2) -  t ,n,n - 1). 
Proof. (a) Graphs of orders up to 9 and size up to 6 which correspond to maximum 
outdegree nodes are easily obtained by inspection of such graphs. Adjoining isolated 
vertices to the graphs of order 9 constructs graphs for n >/9 and 0 ~< t ~< 6 which will 
have the same maximum outdegrees for their associated nodes. The size prohibits 
obtaining reater outdegrees when n ~> 9. 
(b) This assertion follows from the relation between the outdegree and the indegree 
of the nodes associated with a graph and its complement as noted in Remark 3.2. [] 
Let d+(G) = outdegree of node associated with the graph G. 
Theorem 3.7. l f  n >~ 7 and there exists a partition of  n into h distinct parts with no part 
equal to 2,3,4,5,6, or 8, then M(n - h,n,n - l) = C(n,2) - n + h. 
Proof. Let T(ni) denote the identity tree of order ni consisting of a path of order n; - 1 
having a pendant edge at distance 2 from one of its end vertices. The proof of the 
Table 2 
M(t,n,n-  1) 
0 1 
0 
1 1 
2 2 
4 4 
6 7 
8 9 
8 12 
9 15 
1 
2 
4 
7 
9 
13 
22 
1 
2 
4 
7 
9 
14 
23 
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theorem consists of showing, if F h h = Ui=l T(ni), where n --- Y~i=l ni is a partition as 
defined in the hypothesis, then no two of its C(n,2) - n + h one edge extended 
successors are isomorphic. Since t = n - h, it follows that d÷(F) = C(n,2) - n + h = 
M(n - h,n,n - 1). 
First note that Piotr W6jcik has shown that except for n~ = 8, every one edge 
extended T(ni) with n~ >~ 7 yields a different isomorphism class. 
To show that for each pair n~, nj the set S(i,j) consisting of T(n~) w T(nj) u {x,y} 
with (x,y) e V(T(ni))× V(T(nj)) contains ninj nonisomorphic trees one can use the 
following three invariants: (1) the vertex degree sequence, (2) the distance degree 
sequence at the vertices of degree 3 and 4, and (3) the pendant path structure at the 
vertices of degree 3 and 4. 
Since each tree in S(i,j) has no vertex of degree greater than 4, the vertex degree 
sequence is determined by vertices of degree 3 and 4. This partitions the set S(i, j)  into 
six vertex degree classes (4, 4 .... ), (4, 3, 3 .... ), (4, 3 .... ), (3, 3, 3, 3 .... ), (3, 3, 3,...), and 
(3, 3 .... ). Each of these classes can be partitioned using either the distance degree 
sequence at vertices of degree 3 and 4 or the pendant path structure also only at the 
vertices of degree 3 and 4. The distance degree sequence at a vertex v in a graph G is 
the sequence dk = the number of vertices in G at distance k from v (k = 0, 1,2 .... ). The 
pendant path structure at vertices of degree 3 and 4 is described by the sizes of the 
pendant paths at each of these vertices. Making use of the fact that T(n~) (and T(nj)) 
has a different distance degree sequence at each of its vertices facilitates distinguishing 
between the trees in the vertex degree sequence classes when the distance degree 
sequence is used. In some cases this invariant is sufficient and in some cases the 
pendant path structure is sufficient. This procedure shows that any two T(n~), T(nj) 
when joined by an edge will result in ninj nonisomorphic successors. 
Finally, if two different pairs of such trees are each joined by an edge, then the 
resultant pair of forests will be nonisomorphic. This is so because the h - 2 unjoined 
trees in each forest consist of a different set of trees and consequently are non- 
isomorphic. Thus, the set of one edge extensions of F consists of C(n,2) - n + h 
nonisomorphic graphs. [] 
Corollary 3.7.1. I f  8 is not excluded in the hypothesis of the theorem and appears as 
a summand in n = Y.~:I ni, then d+(F) = C(n,2) - n + h - 1. 
Proof. The identity tree T8 tl~ = T(8) has outdegree xactly one less than its maximum 
possible outdegree. Thus, d÷(F) is exactly one less than the optimum given in 
Theorem 3.7. [] 
We conclude this section by noting that if n >/7 and there exists a partition of n 
into h distinct parts with no part equal to 2, 3,4, 5, 6, or 8, and re(n) = n - h, then 
M(m(n), n, n - 1) will equal C(n, 2) - re(n) and this will be the maximum outdegree of 
D(n, n - 1). Due to the existence of exceptional graphs such as T~ 1~ this upper bound 
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may not be realized for some values of n. For example, this occurs when n = 9, 16 and 
25 (see Remark 3.4 for more on Tam). A detailed study of how this and other special 
situations are handled will appear elsewhere. 
4. The cases 3 ~<f~< n - 2 
Here we restrict ourselves to comments. 
A number of results follow easily by a minor modification of the f = n - 1 case by 
appropriate attention being paid to the f degree restriction. Although the use of 
identity automorphism groups could not be used in the case f = 2, this approach can 
be used forfsuch that 3 ~<f~< n - 4. Special case techniques can be employed when 
considering f= n - 3, n - 2. 
Some observations about D(n, f )  in general are as follows: 
(1) Ifa node is in D(n,f),  then its indegree isthe same as its indegree when viewed as 
a node in D(n ,n -  1). However, its outdegree may be less than its outdegree in 
D(n, n - 1). This is due to the fact that introducing an edge in its corresponding graph 
may yield a graph with degree greater than f, thus not be allowable. 
(2) In D(n, f )  the range of levels goes from 0 to [_nf/2J and the symmetry between 
levels t and C(n,2) -  t cannot be exploited as it was in D(n ,n -  1). This follows 
from the fact that the complement of an f-graph in general is not an f-graph (see 
Remark 3.2). 
(3) Known proerties of identity f-regular graphs can be used to obtain results about 
the degrees of corresponding nodes. Due to the f degree restriction, exceptional 
graphs that decrease the potential degrees of nodes produce difficulties that are at 
least as great as those in D(n,n - 1). 
We close with the fundamental open question in this study. 
Problem 3. Characterize an f-graph G of order n and size t such that every edge 
deleted subgraph of G yields a distinct isomorphism class, that is d-(G)  = t. Similarly, 
characterize G such that the set of one edge extended supergraphs of G yields 
d÷(G) = C(n -  x ,2) -  t, where x is the number of vertices of degree f in G when 
f<n-  1 and0whenf=n-  1. 
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